The paper presents a new approach to the Widom-based scaling procedure, in which additional fractional exponents were introduced into the Maclaurin series. The modied scaling procedure was proposed in order to obtain more universal descriptions in a form of the power law series with fractional exponents. The proposed procedure was examined for the power losses scaling of commercial grain-oriented electrical steel.
Introduction
The scaling hypothesis has been considered independently by Widom, Kadano and other scientists for analysis of critical phenomena and phase transitions. It provided two prediction categories as scaling laws and data collapse [1] . The scaling laws are universal relationships bounding scaling exponents, whereas the data collapse is a transformation, which allows one to reduce a plane of data sets to a single curve, represented in scaled coordinates. The investigation of scaling behaviour for various phenomena, also far from the critical point, is still the eld of theoretical and applied research, including material sciences.
In this paper, the modied Widom-based scaling procedure with fractional exponents of the Maclaurin series is proposed. The proposed approach should allow one to obtain more universal formulae as well as to reduce the number of power law terms necessary to obtain the data collapse. These assumptions are examined for the power losses scaling of commercial grain-oriented electrical steel.
The Widom-like scaling procedure
The scaling procedure proposed by Widom [2] assumes that the equation of state, describing thermodynamical phenomenon and given by a functional relationship Z = f (X, Y ), is the generalised homogeneous function dened as:
For a appropriate choice of the coecient λ = Y −1/c , the relationship (1) can be transformed as follows:
and nally reduced to the scaled form * e-mail: najgebauer@el.pcz.czest.pl
where:
β are the scaled variables, α = a/c, β = b/c are the scaling exponents and F (x) = f (x, 1) is called a scaling function [1] . After extension the right side of (2) into Maclaurin series, the following relationship is obtained:
where F n are the scaling factors. It should be stated that the variable Z Y is given by the series of power laws with integer exponents of independent variable X Y . It is some kind of limitation, because many phenomena are described by power laws with fractional exponents. In order to improve the scaling procedure, the substitution X Y → X x Y is proposed, which results in the modied relationship
where x is the fractional exponent. It should be noted that for x = 1 the relationship (4) is reduced to the (3) one. Thereby, the relationship (4) has more universal nature.
Previously Ruszczyk et al. [3, 4] have proposed the Maclaurin series with non-integer exponents given by i(1 − x), where i = 1, 2, 3... are integer exponents of the series and x is the tuning parameter. This approach was applied in the scaling of core losses in soft magnetic materials exposed to non-sinusoidal ux wave forms and DC bias conditions in order to improve the multi-parameters model tting to scaled measurement data by introducing a natural correction of the Maclaurin series' exponents via the tuning parameter.
In the present paper the fractional exponent x is a free parameter, which is considered in the Maclaurin series not for improvement of the tting procedure, but in order to provide a more universal and exible formula, describing scaling behaviours of phenomena. Moreover, it is also assumed that the use of the fractional scaling procedure should result in reduction of the number of power law terms, which are necessary to obtain the data collapse. The abovementioned assumption was made, (107) because there are plenty of models in the form of a single power law with a fractional exponent, used in dierent elds of science.
The proposed Widom-based scaling procedure with fractional exponents of the Maclaurin series is examined in this paper for the power loss scaling of commercial grain-oriented electrical steel.
Power laws in losses modelling for soft magnetic materials
Power losses in soft magnetic materials are related to magnetic hysteresis phenomenon and eddy currents ows. Their modelling is a eld of research for many scientists and engineers. The most popular model of power losses has been proposed by Bertotti [57] . This model is composed of three power laws of magnetic induction B m and frequency f :
and the following power laws represent hysteresis loss, eddy currents loss and excess loss, respectively. This approach is known as the power losses separation. The Bertotti formula does not always give satisfactory results, especially in modelling of excess loss for magnetic materials with amorphous, micro-and nanocrystalline structure [8, 9] .
It should be noted that in 1972 Culity suggested that the losses separation in soft magnetic materials is an articial process and thereby power losses should be considered as total. It indicates that power losses in soft magnetic materials might be described by a simply, single power law of magnetic induction and frequency. The simple models of power losses in the form of a single power law with non-integer exponents α and β:
was proposed in [1016] , including the author's previous paper [14] . Also some technical reports provide similar empirical formulae for power losses [17, 18] . The aforementioned considerations were a direct cause for staring the study on application the scaling procedure with fractional exponents of the Maclaurin series in investigation of scaling behaviour of power losses in soft magnetic materials.
Fractional scaling of power losses results and discussion
The scaling procedure with fractional exponents of the Maclaurin series (the fractional scaling procedure) has been examined for the power loss scaling of commercial grain-oriented electrical steel, grade 111-35-N5. The sample was a single square sheet 500×500×0.35 mm in dimensions. Power losses were measured at frequency range form 10 Hz up to 500 Hz and for induction with amplitude varying from 0.1 to 1.8 T with 0.1 T step. The measurements ware carried out at Electrotechnical Institute, Wrocªaw using the computer-aided Single Sheet Tester MAG-RJJ-2.0, according to the international IEC 404-3 Standard (sinusoidal waveform of magnetic induction inside the sample is required) [19] .
Previously, the scaling procedure with integer exponents of the Maclaurin series has been examined for various types of soft magnetic materials [2026] , which provided the two-term power law
(7) In the case of the fractional scaling procedure given by (4), a three-term formula for the power loss scaling was proposed
where p 1 , p 2 are the scaling factors, x is the fractional exponent and P B , f B denote power losses and frequency, scaled with respect to induction B, respectively
The parameter values (p 1 , p 2 , p 3 , α, β and x) of the formula (8) were estimated from measurement data using the least-squares method, implemented in the Microsoft Excel Solver tool with the Generalized Reduced Gradient method of nonlinear optimization. In order to evaluate inuence of the number of power law terms on results of the losses scaling, the parameters estimation was also made for the reduced formulae (8), composed of threeterms, two-terms and one-term power laws, respectively
(12) The results of the power losses scaling (i.e. the data collapse of losses) of grain-oriented steel for the fractional scaling procedures are depicted in Figs. 13 and compared to results of the integer scaling procedure, depicted in Fig. 4 . Values of the estimated parameters as well as mean percentage errors (MPE) between theoretical and experimental values of the scaled losses obtained for the considered formulae (10)(12) are presented in Table. Fig. 1. Data collapse of power losses for the scaling procedure with fractional exponents (3-terms formula).
The proposed fractional scaling procedures make it possible to investigate the scaling behaviour of power losses in grain-oriented steel. The satisfactory results of the power losses scaling are obtained for all considered formulae (10) (12) . It should be noted that graphical Fig. 2 . As in Fig. 1 but for 2-terms formula. 8.44
representations of the scaling results and values of the mean percentage errors are similar in all analysed cases. Thus, it might be stated that the fractional scaling procedure in the form of a single power law is the best solution, because it provides the comparable scaling results for the lowest number of parameters. The use of successive power laws, related to higher terms of the Maclaurin series, did not improve results of the losses scaling signicantly. Therefore, their application in the considered scaling procedure is redundant. The scaling exponents α and β have comparable values in all analysed cases, which might suggest that these are specic parameters, characteristic for the tested material. Values of the other parameters are dierent, depending on formulae used in the losses scaling. Thus, these parameters are rather related to the estimation procedure than to the materials properties. However in the case of the single power law procedure, a value of the fractional exponent x is between the values characteristic for the frequency dependences of hysteresis losses (x = 1) and eddy-current losses (x = 2). It might suggest that the fractional exponent should be also considered as a material parameter, because its value might indicate a contribution of dierent dissipation mechanisms in total power losses, as well. However, this assumption requires further research concerning the power loss scaling for soft magnetic materials with internal structures dierent from the grain-oriented crystalline one.
Fractional scaling in modelling of power losses
The proposed relationship of the scaled power losses, given in the form of a single power law (12) , can be easily transformed to the formula, directly describing the total power losses
and nally
where y = β − αx. The relationship (13) has the form, which is equivalent to the currently used models of power losses in the form of a single power law with non-integer exponents, given by Eq. (6) .
The relationship (13) was used in power losses modelling of commercial grain-oriented steel 111-35-N2 and for previously estimated parameters (p, α, β and x), given in Table. The modelling results of the power losses frequency dependences for chosen values of magnetic induction are depicted in Fig. 5 . The average errors of the power losses modelling are equal to 4.26%, 1.52%, and 7.62% for B m = 0.5, 1.0, and 1.5 T, respectively. The maximum errors of the power losses modelling do not exceed 12%.
The results obtained for grain-oriented steel prove that the fractional scaling procedure is a useful tool in the power losses modelling, which provides modelling errors on acceptable level. The proposed approach to the power losses modelling will be examined for other types of commercial soft magnetic materials. 
Conclusions
The modied Widom-like scaling procedure with fractional exponents of the Maclaurin series has been proposed. It was assumed that the use of this procedure should make scaling formulae more universal as well as it should reduce the number of power law terms necessary for collapse of measurement data. These assumptions were veried for power losses in grain-oriented steel. The proposed scaling procedure resulted in the simple formula for power losses in the form of a single power law, which provided scaling results comparable with more expanded formulae. The obtained results conrm the initial assumptions as well as reveal the scaling behaviour of power losses in grain-oriented steel. The proposed scaling formula was also applied in the modelling of power losses. The scaling-based modelling of power losses gave promising results and it will be the eld of further considerations.
The proposed scaling procedure with fractional exponents of the Maclaurin series will be examined in the power losses scaling for various types of soft magnetic materials. Further research will be also conducted to determine relationships between the scaling exponents α and β as well as to investigate the role of the fractional exponent x as an indicator of energy dissipation mechanisms in soft magnetic materials. Moreover, the fractional scaling procedure will be used in investigations of the scaling behaviour of other magnetic properties.
